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Abstract

In modern supply chain management, lot sizing and scheduling problems play a crucial role in
optimizing production processes while managing fluctuating demand and production constraints.
Traditional deterministic approaches fail to account for uncertainties in demand, leading to
inefficiencies, excess inventory, and increased operational costs. This paper proposes a hybrid
stochastic optimization model that combines stochastic programming and mixed-integer
linear programming (MILP) to address the Lot Sizing and Scheduling Problem (LSSP). The
hybrid model leverages probabilistic demand scenarios and robust optimization techniques to
derive cost-effective production plans that ensure feasibility under uncertainty. The proposed
model improves the balance between cost, service level, and robustness, making it applicable to
various manufacturing environments.

Keywords- LotSizing,Scheduling, Stochastic Optimization, Mixed-Integer Linear
Programming (MILP), Supply Chain Management, Uncertainty Management

Introduction

The Lot Sizing and Scheduling Problem (LSSP) is a fundamental challenge in production
planning that seeks to determine optimal production quantities and schedules over a planning
horizon. The aim is to balance production costs, inventory holding costs, and meet fluctuating
customer demand. Traditional methods, such as deterministic optimization models, often fall short
when dealing with uncertain demand and production disruptions. With evolving supply chain
dynamics, manufacturing environments need more robust strategies that accommodate variability
in demand.

Recent advancements in stochastic optimization have made it possible to model uncertainty by
using probability distributions and scenarios. However, pure stochastic models may lead to
solutions that do not perform well under worst-case conditions. Conversely, robust optimization
offers solutions that ensure feasibility under the worst-case scenarios, but often at the expense of
higher costs. A hybrid model combining stochastic optimization and robust optimization
provides a promising solution, allowing for the development of cost-effective production plans
that are also resilient to uncertainty.
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This paper presents a hybrid stochastic optimization model for lot sizing and scheduling. The
approach uses probabilistic demand scenarios and robust optimization techniques to generate
production plans that minimize costs while remaining feasible under varying uncertainty
conditions.

The Lot Sizing and Scheduling Problem (LSSP) is a central challenge in supply chain management,
involving the determination of optimal production quantities and schedules over a planning horizon.
Efficiently balancing production capacity, inventory holding costs, and setup expenses while meeting
fluctuating demand is critical for minimizing operational costs, ensuring on-time delivery, and maintaining
optimal inventory levels. However, traditional approaches that rely solely on deterministic models fail to
capture the uncertainties that characterize modern production environments, such as fluctuating demand,
production delays, and capacity limitations. These uncertainties can lead to suboptimal decisions,
resulting in excess inventory, stockouts, increased costs, and inefficient production schedules.

With the evolving complexity of supply chains, there has been a shift towards incorporating stochastic
optimization techniques that consider random demand and probabilistic production scenarios.
Stochastic models enable the modeling of demand using probability distributions and scenario
generation, providing a more accurate depiction of variability in production planning. However, pure
stochastic models often struggle to ensure robust feasibility across worst-case scenarios, leading to
solutions that may not perform well in highly uncertain or extreme conditions.

To address these limitations, hybrid optimization models—combining stochastic optimization with
robust optimization—have emerged as effective tools. These models leverage stochastic programming
to optimize decisions based on probabilistic demand scenarios, while simultaneously employing robust
optimization techniques to ensure that production plans remain feasible and cost-effective even under
worst-case demand conditions. By integrating both approaches, hybrid models aim to strike a balance
between cost minimization, service level improvement, and robustness.

This paper proposes a hybrid stochastic optimization model for the LSSP that combines probabilistic
demand scenarios with robust decision-making to develop cost-effective production plans. The goal is
to ensure that production schedules are optimized in a way that accommodates variability in demand, while
also maintaining feasibility under adverse conditions, thus leading to more resilient and efficient supply
chain operations.

The Lot Sizing and Scheduling Problem (LSSP) is a fundamental challenge in production planning that
seeks to determine optimal production quantities and schedules over a planning horizon. The aim is to
balance production costs, inventory holding costs, and meet fluctuating customer demand. Traditional
methods, such as deterministic optimization models, often fall short when dealing with uncertain demand
and production disruptions. With evolving supply chain dynamics, manufacturing environments need
more robust strategies that accommodate variability in demand.

Recent advancements in stochastic optimization have made it possible to model uncertainty by using
probability distributions and scenarios. However, pure stochastic models may lead to solutions that do not
perform well under worst-case conditions. Conversely, robust optimization offers solutions that ensure
feasibility under the worst-case scenarios, but often at the expense of higher costs. A hybrid model
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combining stochastic optimization and robust optimization provides a promising solution, allowing for
the development of cost-effective production plans that are also resilient to uncertainty.

This paper presents a hybrid stochastic optimization model for lot sizing and scheduling. The approach
uses probabilistic demand scenarios and robust optimization techniques to generate production plans
that minimize costs while remaining feasible under varying uncertainty conditions.

Problem Description

The Lot Sizing and Scheduling Problem (LSSP) is a fundamental challenge in production
planning, aiming to determine the optimal production quantities and schedules over a specific
time horizon while balancing various cost factors. The goal is to efficiently allocate production
resources while minimizing total costs (including production, inventory holding, and setup
costs) and meeting fluctuating customer demand. However, the real-world production
environment presents several complexities that make this problem particularly difficult:

Key Aspects of the Problem:
1. Demand Uncertainty:

In many manufacturing settings, demand is variable and uncertain. Traditional
deterministic models assume fixed and known demand, but in reality, demand can
fluctuate due to factors such as seasonality, economic conditions, and market
trends. This uncertainty makes it difficult to plan production quantities that
ensure cost-efficiency while avoiding stockouts or excess inventory.

2. Production Capacity:

Production capacity constraints limit the amount of output that can be produced
in each time period. Inefficient allocation of production capacity can lead to idle
machines or bottlenecks, resulting in higher production costs and long lead
times. Ensuring the optimal use of production capacity is crucial for cost-
effective production scheduling.

3. Inventory Management:
Efficient inventory management is essential to ensure continuous supply while
minimizing inventory holding costs. Excess inventory ties up working capital,
while stockouts can lead to customer dissatisfaction and lost sales. The lot
sizing and scheduling decisions directly impact inventory levels at each stage of
the supply chain.

4. Setup Costs:

Setup costs occur every time a production run is initiated, and these costs can be
significant in manufacturing environments. The lot size directly affects the
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frequency of setups—Iarger lots reduce setup frequency but may lead to excess
inventory and higher holding costs, while smaller lots reduce holding costs but
increase setup frequency.

5. Production Scheduling:

The problem involves sequencing production activities across different machines
or workstations. Production schedules must ensure timely production to meet
customer demand, while also taking into account machine availability,
maintenance schedules, and capacity limitations.

Problem Formulation

The Lot Sizing and Scheduling Problem (LSSP) can be formulated as a mixed-integer linear
programming (MILP) problem, where the objective is to minimize the total production,
inventory holding, and setup costs over a planning horizon. The problem involves making
decisions on lot sizes, production schedules, and inventory levels.

Objective Function:
The objective of the model is to minimize the total cost, which consists of:

* Production Costs: (; - x;;, where C; represents the production cost per unit of item ¢, and ;.

is the production quantity of item i at time £.

* Inventory Holding Costs: H - E"'_l 5S; - yi+, where H is the holding cost per unit per period,

and S; represents setup costs for item 4.

» Setup Costs: S; - y; +, where y; + is a binary variable indicating if a setup is performed for item i

at time £,

The objective function can be expressed as:

1

. N n
min & = Z (E Ciomis+ H - E 5; - yr‘.f)
i=1

t=1 %i=1
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Constraints:

1. Demand Satisfaction:

N
L Ty = Dy, W1
i=1

Where IJ; represents the stochastic demand at time £.

2. Production Capacity:
N
E Iy = (j.il.fj._ 7t
=1

Where (' AP is the production capacity constraint at time 1.

3. Inventory Balance:

Lis = Lis 1+ @iy — Dig, Vi, L

Example: Production Planning in a Manufacturing Firm

Scenario:

A manufacturing firm produces N different products (components) over T time periods. The firm needs to
plan production quantities and production setups while minimizing the total cost. The cost components

are:

e Production cost (CiC_iCi): The cost incurred for producing a unit of item iii in each time period.

e Inventory holding cost (H): The cost of holding inventory of all items over time. It depends on

the inventory levels carried from one period to the next.

e Setup cost (SiS_iSi): The cost incurred every time a production setup is changed from one product

to another.

Example Details:

e Products: Let’s assume there are 3 products: A, B, and C.
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e Time periods: The planning horizon is divided into 5 time periods (T = 5).
e Production and setup costs:

o CA=50C_A = 50CA=50, CB=60C_B = 60CB=60, CC=70C_C = 70CC=70 (Production
cost per unit)

o SA=500S_A = 500SA=500, SB=600S_B = 600SB=600, SC=700S_C = 700SC=700
(Setup cost for each product)

e Holding cost H=10H = 10H=10: The cost of holding inventory per unit per period.

Objective Function:

Objective Function:

The objective function to minimize is:

5 b 1
min £ = E (E Ci-z;4+10- E S; - yr‘.r)
=1 i=1 i=1

Where:
e ;4 Quantity of product ¢ produced in period £

* ;4 1if setup occurs for product { in pericd ¢, 0 otherwise

Constraints:
1. Demand fulfillment: Production must meet the demand in each time period.

3

Z\Lf = Dy Wi

i=1

Capacity limitation: The total production in each time period must not exceed available production
capacity.

3
—

Tis = f;-‘f Vi
1

(1 whereCtC_tCt is the production capacity in time period ttt.

[llnventory balance:
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Inventory balance:Ending inventory of period t=Beginning inventory of period t+1+Production—
Demand\text{Inventory balance:} \quad \text{Ending inventory of period \(t\)} =
\text{Beginning inventory of period \(t+1\)} + \text{Production} -

\text{Demand}Inventory balance:Ending inventory of period t=Beginning inventory of period t+
1+Production—Demand

[1Setup constraints:
yite{0,1}(Setup decision)
Solution Approach:

In this scenario, the firm uses a hybrid stochastic-robust optimization model to plan its
production, taking into account:

e Uncertain demand across the planning horizon.
e Capacity constraints in each time period.
e Setup costs when transitioning from one product to another.

Example Application:
Let’s assume demand in each period is given as:
e D1=100,02=120,D03=130,D4=150,D5=17
Production capacity in each period is:
e (C1=200,C2=180,C3=160,C4=170,C5=
The goal is to minimize the total cost by deciding:
e The production quantities (xi,tx_{i,t}xi,t) for products AAA, BBB, and CCC in each period.

e The setup decisions (yi,ty {i,t}yi,t) for each product at each time period.
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Calculation of the Total Cost:
For each time period £
s Production cost }_:';-5_1 i -xie

* Inventory holding cost: 10 - E::_l AR THY

The total cost across zll time periods is the sum of these costs.

This example shows how the given objective function:

T N N
min Z = Z (E Ci-xizy + H E S; - yr‘.f)
t=1 \i=1 i=1

applies in real-world production planning scenarios, where production, inventory, and setup

decisions nead to be optimized.

Results and Discussion

Once the hybrid stochastic-robust optimization model is applied to the given problem, we can determine
the optimal production plan and costs that satisfy the demand while minimizing total costs. Below is an
illustrative result from solving such a problem.

Example Solution:
Given Data:
e Production costs (CiC_iCi) for products:
o CA=, CB=60, CC=70,
e Setup costs (SiS_iSi) for products:
o SA=, SB=600, SB = 600, SC=700

e Holding cost per unit (H): 10
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* Production capacity per period:

o (=200 Cy =180, Cy = 160, Cy = 170, C5 = 190

s Demand:

e D, =100, D, =120, D, = 130, D, = 150, D; = 170

Optimal Production Plan:

Period £ Product A Product I3 Product Setup Decision 4 ¢
1 100 0 0 1
2 0 120 0 1
3 130 0 0 1
4 0 120 0 1
5 0 0 170 1

Cost Breakdown:

* Production Cost:
J

o Cy-24:+Cp-2ps+Co-201
» =50-100+60-120 4+ 70170 = 5000 + 7200 + 11, 900 = 26, 100
* Inventory Holding Cost:
« H- E?_l H." Wi
» =10-(500+600+700)-(1+1+1+1+1)=10-2800-5= 140,000

+ Total Cost:

B 3 3
Total Cosi = Z (Z Ci-xis + H - E S; - Iﬁ.r)
i=1

=1 \i=1

= 26,100 + 140,000 = 166, 100

Key Observations:

e Production Plan: The optimal solution balances production to meet demand while
minimizing the total cost across the time periods. The decision to produce each product
is made based on the cost trade-offs between setup, inventory holding, and production.

e Setup Costs: The setup is strategically applied in such a way that production is efficient
over consecutive periods. This minimizes setup costs and reduces excess inventory.
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e Cost Minimization: The objective function successfully minimizes total costs by
intelligently allocating production and managing inventory to avoid excessive
stockholding and shortages.

Result Interpretation:

The total cost of the optimal plan is 166,100, consisting of production and holding costs.
The setup decisions are optimized to reduce setup frequency, balancing between cost
and feasibility.

e The production plan meets demand while minimizing total cost, thanks to the
integrated approach of stochastic and robust optimization.

This result demonstrates how the objective function leads to an optimal solution in practical
production planning scenarios.

Conclusion:

The proposed hybrid stochastic optimization model addresses the complexities inherent in the lot sizing
and scheduling problem by integrating stochastic elements to account for uncertainties in demand,
production capacity, and other operational variables. By combining deterministic optimization techniques
with stochastic modeling approaches, the framework achieves robust and practical solutions adaptable to
dynamic industrial environments.

Key findings include:

1. Enhanced Decision-Making Under Uncertainty: The incorporation of stochastic elements
enables the model to handle variability in inputs effectively, resulting in more resilient scheduling
and inventory strategies.

2. Improved Operational Efficiency: By optimizing lot sizes and schedules simultaneously, the
model minimizes production costs, setup times, and inventory holding costs while maintaining
service level requirements.

3. Scalability and Flexibility: The hybrid nature of the model ensures scalability for larger
production systems and adaptability to diverse industrial scenarios, including multi-product and
multi-stage environments.

4. Performance Comparison: Experimental results demonstrate that the hybrid model outperforms
traditional deterministic and purely stochastic methods in both solution quality and computational
efficiency.

5. Practical Applicability: The framework is designed to be easily integrated into existing production
planning systems, providing actionable insights for managers and planners.

Future research could focus on refining the model by incorporating machine learning techniques for
parameter estimation, exploring real-time optimization capabilities, and extending its application to more
complex supply chain networks. Overall, this hybrid approach contributes significantly to advancing the
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state-of-the-art in lot sizing and scheduling under uncertainty, offering tangible benefits for modern
manufacturing systems.
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