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ABSTRACT

In this paper, a ranking method for Trapezoidal Intuitionistic Fuzzy Numbers (TrIFNs) based on the
orthocenter of centroids is proposed. The proposed approach effectively handles the uncertainty and
vagueness associated with TrIFNs, enabling more accurate and reliable decision-making. The orthocenter of
centroids is used to calculate a crisp ranking value, facilitating the comparison of TrIFNs. The method's
validity and efficiency are demonstrated through numerical examples and comparative analyses with
existing ranking methods. Results show that the proposed approach outperforms existing methods in terms
of accuracy. This work contributes to the development of intuitionistic fuzzy decision-making theories and
applications, particularly in fields such as multi-criteria decision-making, risk assessment, and optimization.
2020 Mathematics Subject Classification: 03E72, 03B52.
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1. Introduction

Traditional fuzzy sets don't account for the degree of hesitancy among set elements or address real-world data
inaccuracies. The non-membership functions also having limitations. To address these gaps, Atanassov [3]
significantly contributed to fuzzy set theory by introducing the notion of intuitionistic fuzzy sets(IFSs), which
combine functions related to membership and non-membership., providing a more comprehensive framework
for handling uncertainty.

It is easy to express the vagueness of fuzzy sets in this manner. Fuzz numbers are specialized kinds of fuzzy sets
that can be considerably useful to solve real-world linear programming problems that are based on uncertain
data, according to [1]. Fuzzy arithmetic, fuzzy relation and fuzzy decision making pose a number of fundamental
problems. Before a decision maker can make a decision, fuzzy numbers must be ranked. Real numbers of ranks
can be ordered linearly by the relations <,>,=, but the fuzzy numbers do not possess this kind of inequality
primarily on account of the point that fuzzy numbers represent probability distributions, making this challenging
to ascertain whether what is smaller one or what is larger one than the other. Every single fuzzy number should

be mapped to a line of reference in which there is an existence of a natural order. The fuzzy numbers can be
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ordered in an efficient manner by what is called ranking function. As a result, numerous approaches for ordering
ambiguous numbers have been proposed. So as to express uncertainty pertaining to “generalized FN”, the use of
IFN is appropriate as noted from available sources in literature. There exists in the field, many approaches for
ranking IFNs. Researchers [13] IFNs were divided into two families, each with its own set of criteria, and a
ranking algorithm was developed for them. By accepting a statistical outlook, Mitchell [9], (2004) suggested
interpreting triangular intuitive fuzzy numbers regarding set of common Fuzzy- numbers so as to resolve issues
encountered in decision making process on account of multi-attributes[9]. A new method of ranking system to
compare [FN was introduced by Kumar and Kaur [7], until which there were many shortcomings in current
rankings in the existing systems. The procedure for evaluating IFN was elaborated in their studies [16,17,18,19]
addressed cases wherein the vagueness is bigger than the membership fuzzy number. While on the contrary,
Intuitionistic- fuzzy-number possess lower levels of uncertainty as compared to that of membership fuzzy
number which is a unique technique combining membership and non-membership functions in relation to fuzzy

numbers which are Intuitionistic, and the concept is applied to investigate problem that involve uncertainty.

The structure of this paper is as follows: An introduction to fuzzy concepts, such as intuitionistic trapezoidal
fuzzy numbers, is given in Section 2. Section 3 introduces a new method for exploiting the orthocenters of
centroids to rank intuitionistic fuzzy numbers. Numerical examples and a comparative analysis of generalised

intuitionistic numbers are presented in Section 4. The results and debate are finally covered in Section 5.

2. Preliminaries [1]:

Fuzzy set (FS)[20]:A fuzzy set F of universe of discourse U is expressed by a membership function fz: U —
[0,1], heref 7(x) is the degree of an element x in IFSF and is denoted byF = {(x, fr(x))/x € U}.
Intuitionistic Fuzzy Set(IFS)[20]:A set F = {(x, f#(x), g#(x))|x € Uldefines an Intuitionistic Fuzzy Set F
in U, where fp,andgg are functions from Uto [0,1]and indicate the element x's degree of membership and
non-membership in U respectively, also that satisfies an inequality 0 < fz(x) + gg(x) < 1, for everyx €
U.

Intuitionistic Convex Fuzzy Set(IFCS)[20]:A fuzzy Intuitionistic Set £ = {(x, f(x), gz(x))|x € U}defines
an intuitionistic fuzzy convex set A in Uif non-membership function gz (x) is fuzzy concaveand membership
function fz(x)is fuzzy convex. That is geg(Ax+ (1 —A)y) = ge(x)A(y) andfp(Ax+ (1 —-A1y) =
fe(x)Afp(y),wherex,y € U, A € [0,1].

Intuitionistic Normal Fuzzy Set(IFNS)[13]:A normal fuzzy set F is defined as one in which there exist at least

two elements, x and y, within the universe of discourse U such that gg(y)equals 1 and fz(x) equals 1.
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Intuitionistic Fuzzy Number(IFN)[13]: An intuitionistic fuzzy set F = {(x, fr(), g ﬁ(x)) [x eU } of real line
R is called an intuitionistic fuzzy number if it is satisfying the following;

1. F has bounded support.

2. Fis intuitionistic fuzzy normal set(IFNS)

3. fg(x)andg;(x) are piecewise continuous and take real values

4. Fis intuitionistic fuzzy convex set(IFCS)

Trapezoidal Intuitionistic Fuzzy Number(TrIFN)[13]:A Trapezoidal Intuitionistic Fuzzy Number(TrIFN) of
F is characterized by the parameters v; < p; < v, < Py < 3 < v3 <y, < v,and is represented as by F =

(v1, Uq, Vo, Ug, Us, V3, U, V4). In this context, we define

0, x < Wy 1, x <V
X—Hq X—V2
<x< VI<x<v
i » M1 K2 by-v, V1 2
fe(x) = 1, pmp<x<upugand gpx)=4 0, VvV, <x=<v;
X—Ug X~Vs3
— <x< V3 <x <V
Hz—ig Hs Ha V4=V’ 3 4
0, Wy < X 1. wvw< x

Given, v, = vzandu, = u3, then we get a triangular intuitionistic fuzzy number(TrIFN) with parameters v; <
W < (v = 1y = Hg = v3) < g < vywhich is represented by F = (vq, U1, Vo, Uy, Va).
Trapezoidal Intuitionistic Fuzzy Numbers(TrIFNs) Operations [13]
If F; = (vq, 14, Vo, Uo, U3, V3, Uy, Vy) and F, = (vq, 13, Vg, U5, U3, V3, 1y, V) are two TrIFNs, then we defined
addition, subtraction, multiplication, division and inverse as follows respectively,
i AAB=(+Vvi RV, Vo e+ KD s RS, Vs Vg Mg G, Vs V)
ii. AAB=;—Vyly—HMyVs— V3 Hy — U3, Hg — Up, V3 — Vg, Mg — Hp, Vg — V1)
iii. AAB=(v1vi, i, V2Va, Hala, H3K3, V3V3, Hatly, VaVsy)
iv. A@B=(vy+Vy g+ Ve V3, Hy T U3, U T MY, Vs F Vg, gy U, Vg T V),
where vi # 0,p; # 0,v; # 0, W, # 0, # 0,v3 # O, |, # 0,v, # 0.
v. Al=(0+v,1+p15v51 53,1+ 1,1+vp, 1+ 1 +vy,)
Wherevy # 0,y #0,v, #0,py #0,u3 #0,v3 # 0,1y #0,v, = 0.
2. Ranking Intuitionistic Fuzzy Numbers(IFNs)through the Orthocenters of Centroids-Based Method
The trapeziumfs(x)divides into three triangles AABE, ABEC, and AECD. The orthocenterOf of
centroidsG,, G,,and G5 of these three triangles is chosen as the required reference point. Similarly, we also derive
one more orthocenter fromt he trapeziumgg(x). The purpose of choosing these reference points orthocenters is
to calculate Euclidean distance between these two centers and then we derive ranking function to solve
transporting problems by using these ranking functions.

Let F; = (v1,H1,V2, Uo, U3, V3, Mg, Vs f 5, gp)is a trapezoidal intuitionistic fuzzy number (TrIFN) which

represents the figure 1.
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Let G; be the centroid of AABE. Then G, = (m l)

6 3
6 '3/

Let G, be the centroid of ABEC. Then G, = (M E)

Let G5 be the centroid of AECD. Then G; = (@, §1)

Let O be the orthocenter of the triangleAG,G,G3.Then slope of G,G3 = and slope of G;P L slope

M2 ~Hg
ofG, G5. Therefore, the slope of G{P = py — Usy.

3Ug+2Hp +lg
)

5 %) with the slope s — p,. Then the equation of the

The line G, Ppassing through the point G; = (

line is (y - %) = (Ug — Yy) (x - mi&) implies

(ha—p2)(Bpa+2pp+py) | 1
yzx(u4_u2)_ Hg—H2 L;l M2 g +§' (1)

1

Now, the slope of GG, = Then slope of G1G, L slope ofG3Q. Therefore, the slope of G3Q = py; —

1

uz.The line G3Q passing through the point G; = (@, ;1) with the slope |1, — W,. Then the equation
of the line is y — % = (ul - u3) (x - @) implies

+2u3+3 1
O e R @)

By solving equations (1) &(2), we obtain the orthocenter Oy of the triangle AG, G, G3. Therefore

O = 0(xr,yyr)
_ <(H1 = u3)(uy + 23 + 3py) — (Mg — M) Bug + 25 + py) (3 — (2 — He) + 1)
6(Hy + My — Hz — H4) ' 3 '

0. =0 (M1t 23+ 20 + 1y (M3 — p) (2 —Hg) +1
- (xf’yf)_ 6 ’ 3

The trapezium gp(x) divides into three triangles AA'B'E’, AB'E'C’,andAE'C'D’. The orthocenter O, of

centroids Gj, Gy, and G3 of the above three triangles respectively is chosen as the required reference point.
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Figure (a) : Trapezoidal Intuitionistic Fuzzy Number(TrIFN)

The orthocenter of centroids of non-membership triangles:

Let Gy be the centroid of AA'B'E’. Then G = (m E)

6 '3

Let G, be the centroid of AB'E'C" is G3 = (

V1+2V,4+2v3+v, 1)
6 '3

Let Gg be the centroid ofAE'C'D" is Gz = (

V1+2v3+3v, 2)
6 '3

Let’s we derive the orthocenter O, = (x,,¥,) of the triangle consisting of the vertices Gy, G3, G3 of the
non-membership  function of the trapezoidal intuitionistic = fuzzy  number(TrIFN)F; =

(vll IJ‘]_J VZI IJ‘ZJ I”l’3l V3, I”l’4l V4) as fOHOWS;

The slope of G.G} = ——

and slope ofG3P'is perpendicular to slope ofG; G. Then the slope of G;G3 is v —

—V1+v3
v1. The line G3Ppassing through the pointG3 = (“*2* H)with the slope “*-*%s
y= § + (v3 —v)x — (V3_v1)(V16+2v3+3v4). A3)

1
—V+V,

The slope of G5G3 is

and slope of G, G5 is perpendicular to G; Q. Therefore, the slope of G{Q"is (v, —

3v1+2v,+v, 2

v,).The line G,'Q’'passing through the point G; = (T,E)with the slope(vy, — v,)is

(vo—v4)(Bvi+2v,+vy)
6

2
y=5+ 0z —va)x — “4)
By solving Equations (3)&(4),we obtain the orthocenter of the triangleG{ G Gs.
Therefore, orthocenter of AG{G5G5 is

0, =0(x ) = (vs =v)(vi +2v3 +3v) = (v =) Bvi + 2v, + 1) 2 (V3 —vi) (v, —vs)
’ 91 6(vz — vy — vy +vy) "3 3

V1+2va+2vstv, 2 (V3—V1)(V2—V4))

ngo(xg’yg):(f’s-l_ 3

3. Euclidian distance between the orthocenters of centroids of trapezoidal intuitionistic fuzzy number:

(A novel way to rank trapezoidal intuitionistic fuzzy numbers (TrIFNs)

We define a ranking function as the distance between the orthocenters of centroids of trapezoidal intuitionistic

fuzzy number (TrIFN) which is the Euclidian distance. For a trapezoidal intuitionistic fuzzy number F, =

2
(V1) M1, V2, Moy U3, V3, Ma Vas £ 2,9 2)> we derive Rank(F;) = [(xf(F1) — Xg (F1)) + (}’f(F1) -

271/2
Vg (Fl)) ] which is the Euclidian distance between the two orthocenters. Therefore,

1/2

Rank(F,) = [(u1+2uszzuz+u4 _ V1+2V222v3+v4)2 + ((urul)(:z_m)ﬂ B 2+(V3_v;)(v2_v4))2]

Characteristics of the trapezoidal intuitionistic fuzzy number's ranking function:
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i. F, < F,,ifRank(F;) < Rank(F,)
11 Fl =~ Fz, lfRank(Fl) = Rank(Fz)
iii.  F; = F,,if Rank(F;) = Rank(F,)
iv.  Rank(F;) = 0if and only if two orthocenters are coincided
v.  Rank(kF;) # k Rank(F;)wherek is a constant.
Numerical Examples:
1. If F, =(0.5,0.7,09,1.1,1.3,1.5,1.7,1.9) and F, = (0.1,0.3,0.5,0.7,0.9,1.1,1.3,1.5),
S. N Fuzzy number Wang | L P K | Rasva | Sures | K S K | Viswanad | Centr | Propo
Popa De ni h Arun Bharat | ham oid sed
Moha | Kuma | hi ofcent | metho
n r ers d
1 3.833 0.487 0.592
F=(-1,1,2,4,-2,0,3,3) 1.2 1.5 333 1.5 1.5 878 0.45 2.666667 | 593 5
1.833 | 0.581 | 0.581 | 0.333 0.814 | 10.00
F,=(-3,0,5,4,-4,-1,5,6) 1.2 1.5 7.5 333 512 512 333 5.169354 | 815 139
2 | F;=(0.4,0.8,.11,13,0.4,0.8, 17.16 | 6.166 | 6.166 | 1.490 2.701 | 0.333
11,13) 5.04 6.3 667 667 667 92 3.25 0 235 333
F,=(0.11,0.3,0.4,0.6,0.11, 0.352 | 0.581 | 0.351 | 0.265 | 0.265 | 0.277 0.156 | 0.333
0.3,0.4,0.6) 0282 |5 667 667 427 427 5 0 049 333
3 | F;=(0.5,0.7,09,1.1,1.3,1.5 1.133 3.349 0.533 | 0.866
,1.7,1.9) 0.64 0.8 333 0.8 1.2 046 0.9 0.8 333 667
F,=(0.1,0.3,0.5,0.7,0.9,1.1 0.733 2.077 | 2.077 0.355 | 0.866
,1.3,1.5) 0.32 0.4 333 0.4 525 525 0.5 0.8 556 667
4 | F;=(0.2,0.3,0.4,0.5,0.1,0.3 0.516 0.341 | 0.232 | 0.191 0.153 | 0.327
,0.4,0.6) 0.28 0.35 667 0.35 667 725 667 0.016997 | 086 092
F,=(0.1,0.2,0.3,0.4,0,0.2,0 0.566 0.168 | 0.168 0.118 | 0.340
.3,0.5) 0.26 0.325 | 667 0.3 677 677 0.125 | 0.050028 | 519 359
5 | F;=3.6301, 4.7371, 5.597,
3.0232, 4153 |5.192 | 6.815 | 5.183 | 5.191 | 3.259 | 2.809 2.258 | 1.783
4.1301,6.3049,7.3049) 82 275 4 867 775 737 742 1.058716 | 83 932
F,=(2.4072, 3.7202,
49934, 6.0332, 1.76, | 3.430 | 4288 | 6.368 | 4311 | 1.750 | 1.750 | 2.533 1.845 | 2.236
2.9072, 5.5332, 6.5332) 8 5 733 267 787 787 852 1.288487 | 516 237
6 | F;=(0.45003, 5.44006,
6.5488, 7.3417, 3.726, | 3.956 | 4.945 | 8.331 | 5295 | 5.567 | 6.152 | 9.622 2.505 | 1.560
5.0003, 6.8417, 7.6346) 226 283 112 088 928 877 962 0.785089 | 245 729
F,=(3.2526, 4.4605,
5.5236, 6.6684, 2.6066, | 3.981 | 4.976 | 6.828 | 4981 | 2.653 | 2.653 | 2.820 2.156 | 2.051
3.7526, 6.1684, 7.1684) 02 275 867 533 278 278 833 1.192906 | 415 254
7 | F1=(2.68, 4153 |5.192 | 6.815 | 5.183 | 5.191 | 3.259 | 2.809 1.364 | 0.087
3,3,3.71,2.2,3,3,4.67) 82 275 4 867 775 737 742 1.058716 | 444 837
1.19
F,=(2.75,6,6,9.37 3981 | 4976 | 6.828 | 4981 | 2.653 | 2.653 | 2.820 | 290 2.832 | 8.387
5,2.38,6,6,16.2) 02 275 867 533 278 278 833 6 222 698
W + 2u3 + 2, + Py v1+2v2+2v3+v42
Rank(F;) = ( e — e )

271/2

3 3
Therefore, Rank(F;) = Rank(F,) = 0.866667. Therefore, F; = F,.

N <(U3 — )My — ) + 1 _ 2+ vz —v)(v, — V4)>
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K

If F, =(-1,1,2,4,-2,0,3,3) and F, = (—3,0,5,4,—4,—1,5,6), then Rank(F;) = 5and Rank(F,) =
10.00139. Therefore, F;< F,.

If F; =(0.2,0.3,0.4,0.5,0.1,0.3,0.4,0.6) andF, = (0.1,0.2,0.3,0.4,0,0.2,0.3,0.5), then Rank(F;)=
0.32709156 and Rank(F,) = 0.340359287. Therefore, F; > F,.

Let F; =(-1,1,2,4,-2,0,3,3) and F, = (—3,0,5,4,—4,—1,5,6) are two Trapezoidal Intuitionistic fuzzy
numbers, then, Fi+F,=(-1-314+02+4+54+4,-2—-40-13+4+53+6)=
(—4,1,7,8,—6,—1,8)9).

Rank(F,) = 2.357023, Rank(F,) = 10.00139 and Rank(F; + F,) = 11.33456.

LetF, = (0.4,0.8,0.8,0.13,0.2,0.8,0.8,0.15) and F, = (0.11,0.3,0.3,0.6,0.1,0.3,0.3,0.7).Then F, + F, =
(0.51,1.1,1.1,0.73,0.3,1.1,1.1,0.85) and F, — F, = (0.29,0.5,0.5,—0.47,0.1,0.5,0.5,—0.55). Therefore
Rank(F, + F,) = 0.340833333 and Rank(F, — F,) = 0.175833333.

4. Comparative Analysis

S. | Fuzzy number Wang | LPopa | PKDe | Rasvan | Suresh | K Arun | SK Viswanad | Pardha | Propos
N i Mohan Kumar Bharat ham Saradhi | ed
o. hi method
I A0 1,24,-2.03.3) Fi=F, | F=F, | F;>F, | F,<F, | F;>F, | F,<F, | F;>F, F<F | p g fi=<F
1 2
F,=(-3,0,5,4,-4,-1,5,6)
2 | F,=(0.4,0.8,.11,13,0.4,0.8,.11,1
3) F,~F, | F,>F, | F;>F, | F;>F, | F;>F, | F,>F, Fy>F, | F=F, F,>F, | Fy=F,
F,=(0.11,0.3,0.4,0.6,0.11,0.3,0.
4,0.6)
3 | F=(05,07,09,1.1,13,1.5,1.7,1 F<F
9) F,>F, | F,>F, | F,>F, | F,>F, 1=%2 | B>F, Fy>F, | F=F, F,~F, | Fy=F,
F,=(0.1,0.3,0.5,0.7,0.9,1.1,1.3,1
5)
4 | F,=(0.2,0.3,0.4,0.5,0.1,0.3,0.4,0
6) Fy>F, | F,=F, | FeFy, | E=F, | F=F, | F=F, | F>F, | 05 | psp, | 5P
F,=(0.1,0.2,0.3,0.4,0,0.2,0.3,0.5
)
5 | F=3.6301, 47371, 5597,
3.02324.1301.63049.73049) | o p, | B>, | Fy>F, | F>F, | F>F, | F>F, | F>F, | % | per, | R <F
F,=(2.4072, 3.7202, 4.9934, 172 1712 1712 1712 1712 1712 1712 1712 1 2
6.0332, 1.76, 2.9072, 5.5332,
6.5332)
6 | F,=(0.45003, 5.4406, 6.5488,
7.3417, 3.726, 5.0003, 6.8417,
7.6346) <k | 5% psr, | FsF, | FoF, | F>F, |PSF| B<FB \pop | g <R,
F,=(3.2526, 4.4605, 5.5236,
6.6684, 2.6066, 3.7526, 6.1684,
7.1684)
7
F=(2.683.33712233467) | psF, | FsF, | P | psr, | FsF, | Fer, | 5P| BsE | RSB R<E
F,=(2.75,6,6,9.375,2.38,6,6,16.
2)

The comparative study of Intuitionistic fuzzy numbers between existing methods and proposed method is

presented as in below table 1.

Table 1. Comparative Analysis of Different Ranking Methods
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In the below comparison table 2, we can observe that the ranking techniques having their won importance

and drawbacks. We can straightly state that each technique can apply for a particular case in real life.

Table 2. Comparative Analysis of Ordering in Different Ranking Methods.

5. Results and Discussion

Several numerical examples were used to test the suggested ranking procedure for Trapezoidal Intuitionistic
Fuzzy Numbers (TrFNs) based on the orthocenter of centroids. The outcomes are contrasted with those of other
ranking techniques, such as the centroid-based ranking technique, the area-based ranking method, and the score-
based ranking system .The results presented in Table 1 &2 demonstrate that the proposed ranking process based
Euclidean distance on the orthocenter of centroids outperforms existing methods in terms of accuracy. The
proposed method provides a more reliable and robust ranking of TIFNs, which is essential in decision-making
applications. The method is time consuming and simple to calculate compared to other existing methods. This
ranking technique can apply for both TIFNs and TrIFNs which refers the uncertainty. It provides accurate results
comparative to other methods because it measures Euclidean distances between the two referring points which
are derived from orthocenters of centroids of membership and non-membership functions. Using this ranking
technique several transportation problems, optimization problems and decision making problems of vague nature

can be solved.
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