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Abstract

Let G be non-trivial graph. A dominating set for a graph G is a subset D of its vertices,
such that any vertex of G is in D, or has a neighbor in D. The set Sc V(G)- D such that S
is a dominating set of G, then S is called an inverse dominating set with respect to D. The
minimum cardinality of an inverse dominating set is called an inverse dominating number
and is denoted by y™' (G). In this paper we find inverse domination number on Middle
graph of some graphs.
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1. INTRODUCTION

Domination is a graph theoretic concept introduced by C. Berge in 1958 and O. Ore in 1962.
It was O. Ore [4] who introduced the term dominating set and domination number. The paper
of Kulli and Singarkanti [3] in 1991 which initiated the study of inverse domination in
graphs. Let D be a minimum dominating set of G. If V — D contains a dominating set S, then
S is called an inverse dominating sets of G with respect to D. The inverse dominating number
vy~ 1(G) is the minimum cardinality taken over all the minimal inverse dominating sets of G.
The middle graph M(G) of a graph G has been introduced by T. Hamada and I. Yoshimura
in [2]. S. B. Chikkodimath and E. Sampathkumar also studied it independently, and they
called it the semitotal graph T; (G) of a graph G in [1]. We define a graph M(G) as the vertex
set VIM(G)) = {x,y/x € V(G),y € E(G)} and the edge set E(M(G)) = {xy} where x,y €
E(G) orx € V(G),y € E(G). Then M(G) is called the middle graph of G.

1.1 Definition and Examples
Definition 1.1. Let G be a graph with vertex set V(G) and the edge set E(G). The middle
graph of the graph G denoted by M(G) is defined as follows: The vertex set of M(G) is
V(G) U E(G) in which two vertices x and y are adjacent in M(G) if the following conditions
hold
1. xy € E(G).

2. x € V(G), y € E(G) and they are incident in G.
Example 1.2.
Consider the graphs G and M(G) given in figure clearly {e5, e,} is a minimum dominating set
of M(G) and {vq,v4,e,} IS a corresponding minimum inverse dominating set. Here
Y (M(G) = 2.
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2. Inverse Domination on Middle Graphs
Theorem: 2.1

For acycle C,, v (M(Cy)) = EJ + 1, where n > 2.

Proof: Let the cycle C, be vyv,...v,v; and M(C,) be the middle graph of C,. Clearly
V(M(Cp)) = {vi,e;/1 < i< n} and E(M(Cp)) = {ejei1,viey, vizse; /1 < i< n} and
e; = V;Viz1, Where the suffixes modulo n. Let D be a minimum isolate dominating set of
M(P,) and S be a corresponding minimum inverse dominating set with respect to D. We now
consider the following two cases.

Case 1. niseven

In this case a minimum dominating set of M(C,)is D = {e;,es,€5,...,€_3,€,-1} and a
corresponding minimum inverse dominating set S = {e,, e4,€q,...,€n_2,€n}. Since |S| =

BJ + 1. Hence y'(M(Cp)) = EJ + 1.

Case 2. n is odd
In this case a minimum dominating set of M(C,) isD = {v,,eq,€3,€s5,...,€n_4,€n_2} and a
corresponding minimum inverse dominating set S = {v;,e,,€e4,€¢,...,€n_3,€n_1}. Since

SI=[3] + 1.Hence y(M(c)) =[3] + 1.

Theorem: 2.2

For the wheel graph W, y'(M(W,)) = E]

Proof: Let v,v, ...v,_,v; be the cycle C,_;. Add a vertex v which is adjacentto v;,1 < i <
n — 1. The resultant graph is the wheel graph W, with vertex set V(W,) = {v,v;/1 < i<
n — 1} and edge set E(W,) = {eo_i, ej/1 < i< n- 1} where e; = vivj,q and eg; = vvj,
the suffixes modulo n — 1.

Let M(W,,) be the middle graph of W,,. Clearly V(M(W,)) = {v,vi, e, eq;, 1< i< n—1}
and E(M(Wp)) = {ei€i+1,€0,i€0, €i€0,i» €i€0,i+1, Vi€i Vi€i-1, Vi€o,, Ve, / 1 < 1,j< n—1,
i # j}, where the suffixes modulo n. Let D be a minimum isolate dominating set of M(W,)
and Sbe a corresponding minimum inverse dominating set with respect to D. We now
consider the following two cases depends on n.

Case 1. niseven

In this case a minimum isolate dominating set D of M(W,,) is { e;,e4,€4,...,€4-1,€01} and a
corresponding minimum inverse dominating set S = {eq,es,es,...,e_5,€9n-1}. Clearly
IS| = E] Therefore, y'(M(W,)) = E]

Case 2. nis odd

Here a minimum isolate dominating set D = {e,, ey, €¢,...,€n-2,€01}and a minimum
inverse dominating set S’ with respectto Dis S = {eq,es,es,...,e,_3,€9,-1}. Clearly |S| =

E] Therefore, y'(M(W,)) = E] '
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The theorem follows from the cases 1 and 2.

Theorem: 2.3

Let W, be a wheel graph of order n and G be a graph obtained by removing a vertex u from
W,.. Theny' (M(®)) = |3].

Proof: Let v;v,...v,_,v; be the cycle C,_;. Add a vertex v which is adjacentto v;,1 < i <
n — 1. The resultant graph is the wheel graph W, with vertex set V(W,) = {v,v;/1 < i<
n—1} and edge set E(W,) = {eps,ei/1 < i< n—1} where ¢; = vjvi,q1 and ey; =
vv;, the suffixes modulo n — 1. Now G be a graph obtained by removing a vertex u from W;,.
We now consider the following two cases.

Casel.u=v

In this case the resulting graph G = C,_;. By theorem 2.2, y'(M(G)) = BJ
Case2.u=v;,1 <i<n-1

Here we fix u = v;. Now the vertex set V(G) ={v;/2 < i< n-1} and E(G) =
{eoiei/2 < i< n—1}where e; = vjvjyq,€p; = vv; and the suffixes modulo n — 1. Let
W(G) be the middle graph of G. Clearly V(M(G)) = {v,vj,ejep;/2< i< n—1} and
E(M(G)) = {ejej+1,€0,€0; €i €o,ir€i €0,i+1, Vi €, Vi €i—1, Vi €0, V€ /1 < 1,j < n—
1i# j}

where the suffixes modulo n. Let D be a minimum isolate dominating set of M(G) and S be a
corresponding minimum inverse dominating set with respect to D. We now consider the
following two subcases.

SubCase21G=W, —v;

In this case the minimum dominating set of M(G), D = {e,, v} and the corresponding
minimum inverse dominating set of M(G) is either {eg,,eq3} or {ey, v3}. Clearly |S| = 2.
Hence y'(G) =y' (W, —vy) = 2.

SubCase22G =W, —v, n=5

In this case, if n is odd the minimum dominating set D of M(G) is
{e, e4,€6,...,6n-3,60—1} and the corresponding minimum inverse dominating set S =
{es,es5,e7,...,en-2,€02}. If n is even the minimum dominating set D of M(G) is
{es,e4,€6,...,6n-2,60n—1} and the corresponding minimum inverse dominating set S =
{es es,€7,...,€n-3,€02,Vn1}

From the above cases |S| = EJ Hence y'(G) = EJ

Thus the theorem follows from case 1 and 2.

Theorem: 2.4

For the jewel graph J,,,y'(M(J,,)) = n+ 2.

Proof: Consider the 4- cycle xwyux. Join x and y. Add new vertices v;, 1 < i < n and join
v; to both u and w. The resulting graph is the jewel graph J,, with vertex set V(J,,) =
{x,y,u,w,v;/1 < i < n} and edge set E(J,,) = {xy, xu,xw,yv,yw,uv;,wy;/1 < i <
n}. Denote xw by e;, wy by e,, uy by ez, xu by ey, xy by ey, uv; by e; and wv; by e;’, 1 <
i<n Let M(, be the middle graph of J,. Clearly V(M(,))=

{x.yuw,v;,eye,e,e\1<j< 41< i< n} and EM(J,)) =
{xe1, xey, xeyy, yes,y €3, ey, Uues, uey, uej, we;, wey, we!', vief, viel' /1 < i < n}. In
M(J,), ({es, e5, ...,e5}) = K, and ({ef,e),....e) ) = K. Clearly D =

{e,, es,e1,€5, ..., e} is a minimum isolate dominating set and S = {ey, e4, €1, €5, ...,e, } is
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a minimum inverse dominating set S with respect to D. Since |S| = n+ 2. Hence
y' (M) = n+2.

Theorem: 2.5

For the pan graph P, 1, ¥’ (M(Py1)) = E] + 1.

Proof: Consider the cycle u;u,...u,u;. Join a new vertex u, to the vertex u;. The resultant
graph is the pan graph P, with a vertex set V(P,1) = {u;/0 < i < n}and the edge set
E(Pn1) = {uoug, Uillir1, U, /1 < i < n— 1}, Clearly, V(M(P,1)) = {u;e;/0<i <
n}and the edge set E(M(P,1)) = {eoek, €i€i+1, Uxeo, Ui, Uie;—1/1 < i < nk =1,n},
where e; = u;u;1q, €9 = upu; and the suffixes modulon. LetD be a minimum isolate
dominating set of M(Pn,l) and S be a corresponding minimum inverse dominating set with
respect to D. We now consider the following two cases.

Case 1. n is odd

In this case a minimum isolate dominating set D of M(P, ;) is {eg, e3,€4,...,€n-3,€,-1} and
a corresponding minimum inverse dominating setS = {uy,ey,€3,€s5,...,en_2,€,}. Clearly
15 = [5| + 1. Hence y' (M(P,, 1)) = 3] + 1.

Case 2. niseven

In this case a minimum isolate dominating set D ofM(Pnjl) is {eg, €5, €4,...,6n_2,€,} and a
corresponding minimum inverse dominating set S = {u,, e, e3,¢€s,...,€,-3,€,-1}. Hence

Y (M(Py1) = 15] = 3] + 1.

Theorem: 2.6

Let G be a Peterson graph of order 10. Then y'(M(G)) =6 .

Proof: Let G be a Peterson graph of order 10. Clearly V(G) =\{u;, v;/1 < i< 5} and
E(G) = {uivi, ViVi42,ViViy3, UjUj4q / 1<i< 5} ,Where the suffixes modulo 5.

Denote u;v; = e/, ViVity = €142, ViVits = €] 143, Uillip1 = €;;41. LEt M(G) be the middle
graph of G.

Clearly V(M(G) = {uv;, €], €142,€f 143 €ii+1/1 < i < 5} and E(M(®)) =
{Wi€iiv1, Uill; Vi€ Vi€ 12 Vi€ 43 €iit1€it1i42 5 €iit1€ip €ii41€i41,i41 €1iCLit2r €LiC1i43
1 <i <5} where the suffixes modulo 5. Let D be the minimum dominating set of
M(G)and Sbe the minimum inverse dominating set of M(G). Now D =
{uz us 14, €11, €33 and S = {uy, €44, €13,€35, €32, €44} Clearly |S| = 6.
Hence y'(M(G)) = 6.
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